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Abstract 

In this paper, we study analytic properties of zeta functions denned by partial 
Euler products. 



1 Introduction 



In the previous paper |HWj . we have studied the splitting densities of prime geodesies of 
negatively curved locally symmetric Riemannian manifolds A in a finite cover A of A 
as an extension of the prime geodesic theorem. Especially, when the fundamental group 
of X is 5L2(Z) and that of X is a congruence subgroup of SL%{$), we have explicitely 
determined the type of splitting for each geodesic, and calculate the splitting densities 



for every types. Applying the results in HW] to the formula in |VZj about the relation 
between the Selberg zeta functions for X and X, we can obtain an expression of the 
Selberg zeta function for A as a product over prime geodesic of A. By taking the 
quotients of such expressions of two Selberg zeta functions, we find a formula of the 
zeta function given by the Euler product over prime geodesies with a certain type of 
splitting. From this formula, we have obtained the analytic continuation to {Res > 0} 
of such a partial Selberg zeta function (see jH Wj ) . 

On the other hand, in |Kuj . it was studied the zeta functions defined by the Euler 
products over prime numbers p satisfying (d/p) = 1 (or = — 1) for a fixed square free 
integer d. In fact, it was shown that these zeta functions are analytically continued to 
{Res > 0} and have natural boundaries on Res = 0. 

The aim of the present paper is to generalize zeta functions defined by partial 
Euler products and to study their analytic properties. We first get in Theorem 12. II the 
analytic continuations in {Res > 0} by extending the idea used in |Kuj . Furthermore, 
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in Theorem 12 .21 we state the sufficient condition of the distributions of non-trivial zeros 
for the partial zeta functions having natural boundaries on Res = 0. As examples, we 
treat the cases of the Dedekind zeta functions, the Selberg zeta functions and the 
Ihara zeta functions of graphs. Actually we show that the partial zeta functions of 
the Dedekind zeta functions for abelian extensions of Q, the Selberg zeta functions for 
congruence subgroups of SX 2 (Z) and the Ihara zeta functions for finite regular graphs 
have natural boundaries on Res = 0. 

2 Notations and main results 

Let P be an infinite countable set and iV : P — > M >1 a map such that Yl P ep N(p)~ d < oo 
for some d > 0. Put dp := inf{<i > | J2 p ep N{p)~ d < oo} and assume that dp > 0. 
For convenience, we normalize N by dp = 1. We define the zeta function of P by 

Cp(s):=H(l-N( P r s )- 1 Res>l, 
peP 

and assume that (i) (p{s) is non-zero holomorphic in {Res > 1} and has a simple pole 
at s = 1, and (ii) (p(s) has an analytic continuation to the whole complex plane C as 
a meromorphic function. 

Let G be a finite group and G the set of the finite dimensional irreducible unitary 
representations of G. For a map (p : P —> Conj(G) and p G G, we define the L-functions 
by 

4 G) (s,p) = L P (s,p) =l[det (l-pi^NiprY 1 ^s > 1, 

and assume that, if p ^ 1, then Lp(s,p) satisfies that (i') Lp(s,p) is non-zero holo- 
morphic in {Res > 1} and satisfies the same condition (ii) for (p{s). 

Put P n (G) = P„ := {p G P | ordc(<p(p)) = n}, where ordc(<^(p)) is the order of 
(f(p) in G. In the present paper, we study analytic properties of the following zeta 
function. 

Cp»(*):= n^-^rT 1 Res>1 - 

PGP„ 

For simplicity we treat the case where G is a cyclic group of prime order q. First we 
get the following result. 
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Theorem 2.1. The function (p q (s) satisfies the following functional equations. 

( Pq (qs) Z P (s) 



(2.1) 



where Zp (s) = Zp(s) := Yl P ed ^p{ s i p) dimp - Furthermore, for any r > 1, the function 

{(Pq( s )) 9 analytically continued to {Res > l/q r } as a meromorphic function and 
has infinitely many singular points near s — 0. 

Proof. By elementary calculations, we obtain 

zp(s) = n n n deta-p^w-r^ 

n\#G pG GP£ p n 

= n n ( x - N( P )- ns )-* G/n 

n\#G p£P n 

= n (cp.(^)) #G/n - 

n|#G 

Then, when G is a cyclic group of order q, we have 

Zp(s)=(t Pl (s)YtpMs)- 

Since Cp( s ) = Cpi( s )Cp 9 ( s )) the equation (|2.1|) follows immediately. 
Now, for convenience, we rewrite the equation ()2.1|) as follows. 

(2 - 2) 

From (|2.2|) . we recursively obtain the following formula. 

r-1 
i=0 

Since g(s) is meromorphic and f(q r s) is non-zero holomorphic in {Res > l/q r }, we see 
that f{s) gr is meromorphic in {Res > l/q r }- 

Since #(s) = (p(s) g /Z P (s), the function g(s) is non-zero holomorphic in {Res > 1} 
and has a pole at s = 1 of order q — 1. Then, according to ()2.3|) . we see that /(s) 
has branch points at s — \jq % for i — 0, 1, • - • . This completes the proof of Theorem 

i2~n □ 
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The theorem above gives the analytic continuation to {Res > 0} of (p q {s). Next 
we study analytic properties in {Res < 0} of (p q (s). 

Let A be the set of singular points in {0 < Res < 1,1ms > 0} of g(s), and 
m(cr) is the order of a G A (when a is a pole, m(a) is a negative value). Denote 
by Q := {q~ k a \ a G A,k > 0}. According to (J2.3j) . the set of singular points in 
{0 < Res < 1} of /(s) is a subset of Q. For a G A, we denote by [a] the subset 
of A which consists of elements o' = q k o~ G A for some k G Z. We also denote by 
Mg(cr) := J2a'e[a] c l k ' m (' J ') anc ^ := (M c ^ I M q (a) ^ 0}. Under such notations, 
we obtain the following result. 

Theorem 2.2. Number the elements of A q by <7o, o~i, o~2, • • • swc/i i/iai (Tj 7^ cr^ for i ^ j 

and < Pi < Pj for i < j , where Pi := Im<Tj. If Pj — > 00 and (Pj) 1 ^ — > 1 as j — >■ 00, 
t/ien i/ie partial zeta function (p q {s) has a natural boundary on Res = 0. 

Proof. According to (|2.3|) . we see that the singular points of f(s) near the line Res = 
consist in 

Q q := {<T fc o- I cr G A q , k > 0}. 

We now assume that f(s) does not have a natural boundary on Res = 0, namely there 
exist constants T ly T 2 > (T 2 > Ti) such that Pjq~ k < T 2 or Pjq~ k > T\ for any 
j, k > 0. Put j(T) := {j > I Pj < T < P j+1 } for T > 0, and J(ife) := j(T iq k ) for a 
fixed k > 0. By the assumption, we have q~ k Pj(k)+i > T 2 . It is easy to see that j(T) 
and are non- decreasing functions of T and k respectively. 

We now estimate Pj(k)+i — Pj(k) for sufficiently large k > 0. By the definition of 
J(k) and the assumption, we have 

q- k (P m+ i - Pj { k)) >T 2 -T 1 >0. (2.4) 

On the other hand, since (Pj) 1 ^ — > 1, we have 

P j+ i - Pj = o(Pj) as j —> 00. 

Then we obtain 

g- fc (/5 J(fc)+1 - P m ) = q- k o(P m ) < q- k o{T iq k ) = o(l) as k -> 00. (2.5) 



The estimates (J2.4j) and (J2.5|) contradict to each other. Then the assumption is false 
and, therefore, Theorem 12.21 holds. □ 
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Remark 2.3. It is not difficult to obtain results such as Theorem \2. 1\ and \2.2\ for 
the case that G is not necessarily a cyclic group of prime order. For example, when 
#G = qiq 2 for distinct primes q\ and q 2 , we can obtain 

Cp qi Jqiq2s)Cp qi Js)^ = zf\s)C P (sY^ 
(p qiq Ms) q2 (p qiq2 (q2s)^ Z^\s)^Z^ 2 \s)^ 

where Hi and H 2 are the subgroups of G whose orders are q\ and q 2 respectively. Then, 
putting 



Cp gi8 ,(?2s) 



f(s) := v M := RHS of (JZ 



we have 



fins) 

from (|2.6|) . Hence we can obtain the results similar to Theorem \2. II and WM recursively. 



3 Examples 

3.1 Dedekind zeta functions 

Let k be an algebraic number field over Q such that [A; : Q] < oo, and K a finite Galois 
extension of k. When we put P the set of prime ideals of k unramified in K and N 
the norm of p G P in k, we see that Cp( s ) is essentially the Dedekind zeta function 

(p(s)= n (i - MpyT 1 = CfcW n a-w), 

pePrim(fc) pePrim(fc) 
p\D p\D 

where Prim(A;) the set of the prime ideals of k and D is the relative discriminant of 
K over k. We also put G := GaA(K/k) and ip the Frobenius automorphism. It is 
well-known that each L-function satisfies the properties (i') and (ii). Due to the Artin 
factorization formula, we have 

z P (s)= n (i - NM-r 1 = (k(s) n (i 

pePrim(_ft') pePrim(_ftT) 
p\D p\D 

For such zeta functions, we obtain the following results. 
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Claim 3.1. Assume that G is a cyclic group of prime order q. Then the partial zeta 
function (p q (s) is analytically continued to {Res > 0}. Furthermore, when both k and 
K are abelian extensions of Q, Cp ? ( s ) has a natural boundary on Res = 0. 

The analytic continuation of (p q (s) in {Res > 0} is easily obtained by Theorem 12. 11 
For proving (p q (s) has a natural boundary, we prepare the following lemmas. 

Lemma 3.1. Let x*P an d xf A — hj — m ) be Dirichlet characters respectively 
modulo and q^ such that xi 7^ xf^ ■ Denote by 

m m 

L 1 (s) = n^,x! 1) ), L 2 (s) = l[L(s,x? ) ). 

i=l i=l 

Then, for sufficiently large T > 0, we have 

E \m 1 (a)-m 2 (a)\ >C^logT, 

0<Recr<l 
0<Imcr<T 
Li(<t)L 2 (<t)=0 

where C > is a constant and rrij (a) is the multiplicity of a as a zero of Lj (s) . 

Proof. The lemma above for m = 1 has been proved in |Fuj . By applying Bombieri- 
Perelli's result |BPj . we can easily prove that Lemma Rill holds for general m > 1. □ 

Lemma 3.2. (ICollf . \Co2^ and IBaf ) Let L(s) be a Dirichlet L-function. Then, for 
M > 1 and sufficient large T > 0, we have 

T 

V m{a) > C M tt~ log T, 
A — ' Ztx 

Recr=l/2 
0<Im<T<T 
L(ff)=0 
m(a)<M 

where Cm > is a constant which satisfies Cm = 1 — 0(M~ 2 ) as M — > oo. 

Lemma 3.3. ([Mo]) Let L(s) be a Dirichlet L-function. Then, for < a < 1/2, we 
have 

E rn(a) < T 5 ' 2a+e . 

0<Rea<a 
0<Imcr<T 
L(a)=0 
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Proof of Claim 13. 1L Let n :— [K : Q]. When k and K are abelian extensions of 
Q, the Dedekind zeta functions Cfc( s ) an d Ck{s) are expressed by products of Dirichlet 
L-functions. Then g(s) is written as 

9(s)=(flL(s, X ^))/ff[L(s, x r> 

\ i=i / I \ i= i 

From Lemma f3. 11 we see that there exists a constant C > such that 

J2 m(a)>C^\ogT. 
* — ' Ztt 

0<Reo-<l 
0<Imo-<T 

Due to Lemma f3. 21 we have 

m(a) > C M — logT, 

Recr=l/2 
0<Imo-<T 

g(<r)=0 
m(cr)<M 

where Cm = m — 0(M~ 2 ) as M — > oo. Then, taking M such that C + Cm > m, we 
obtain 

Recr=l/2 
0<Imo-<T 
9 (<t)=0 

Furthermore, from Lemma f3.3[ we have 

J a (T) := m ( a ) < T 5 / 2a+£ . 

0<Recr<» 
0<Im<7<T 

Then we have 

Q q (T) :=#{a G fi g | < IrntT < T} > J(T) - J q -i-x{q l T) = O(TlogT). 

This implies that the conditions in Theorem 12 . 21 are satisfied and, therefore, the partial 
zeta function has a natural boundary on Res = 0. □ 
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3.2 Selberg (Ruelle) zeta functions 

Let H be the upper half plane and T a discrete subgroup of SX 2 (M) such that the 
volume of Xr = r\H is finite. Put P = Prim(r) the set of the primitive conjugacy 
classes of F and N(p) the square of the larger eigenvalue of p £ Prim(r). Then it is 
known that (p{s) coincides the Selberg (Ruelle) zeta function 

Cr(a):= J] (1 - iVCp)-')" 1 Res > 1 

pGPrim(r) 

which satisfies the conditions (i) and (ii) (see, e.g. |Hej ) . 

Fix T' a normal subgroup of T of finite index. Put G = V/V and tp a natural 
projection from Conj(r) to Conj(G). It is known that L-functions satisfies (i') and (ii). 
According to |VZj . we have 

(r>(s):= J] (1 - Nip)-*)' 1 Res>l. 

pGPrim(r') 

For the Selberg zeta function, we obtain the following result. 

Claim 3.2. Assume that G is a cyclic group of odd prime order q. Then Cp 9 ( s ) 
analytically continued to {Res > 0}. Furthermore, when both T and V are congruence 
subgroups of SL-iffi), the partial zeta function (p q (s) has a natural boundary on Res = 
0. 

Proof. Similar to the previous section, the analytic continuation of (p q {s) is obtained 
by Theorem 12.11 

When T is a congruence subgroup of S , L 2 (Z), due to the determinant expression of 
the Selberg zeta function (sec HuJ and |Koj ) . we have 



A = {1/2 + irj | Xj > 1/4} U |J{a | L(2a, xi) = 0, < Rea < 1/2, Im(a) > 0}, 

i=i 

where Xj = 1/4 + r| is the j-th eigenvalue of the Laplacian on Xp with the multiplicity 
rrij, hr is the number of cusps for T and Xw " > Xh r are I^irichlet characters determined 
by T. Then, similar to the case of the previous section, we can easily check that the 
conditions in Theorem 12.21 are satisfied for q > 2. Therefore we obtain Claim □ 

Remark 3.4. When X? and Xf are compact Riemann surfaces, it is known that 
A ={1/2 + ^} 

vol(X r )^ 2 _ rj 



m > J^ T 



rrij 



4-7T logr,- 

\r 3 \<T B J 
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If it would be known that there exists a constant 5 > such that 

\m 1 (a)-m 2 (a)\^T 1+s (3.1) 

cr=l/2+i/3 
0</3<T 

{/i(«T)/a(«T)} _1 =0 

for fi(s) := Cr(s) q , /^(s) : = Cr'( s ) an d the orders m^tr) , m 2 (cr) respectively of the 
singular points of fi{s), f'2{s), then we could prove that the partial zeta function has a 
natural boundary on Res = 0. However, no results such like Lemma UH\ or (13. 1|) have 
been obtained for the Selberg zeta functions. Hence we cannot presently conclude that 
whether the partial Selberg zeta function for the compact case has a natural boundary 
on Res = 0. 

3.3 Ihara zeta functions 

Let X be a finite connected (g+l)-regular graph with n vertices and Y a finite connected 
(q+ l)-regular unramified covering graph of X. Denote Tx and Ty by the fundamental 
groups of X and Y respectively, and assume that Ty is a normal subgroup of Tx- Put 
P the set of the equivalence classes of primitive closed backtrackless tail-less cycles. 
Then the Ihara zeta function of X are defined by 

(x(u):=l[(l-u^) \u\<l, 

pGP 

where u(p) is the number of the edges in the cycle p. It is known that (x{s) has the 
following determinant expression (see, e.g. |Tn]). 

(xiu)- 1 = (1 - u 2 ) niq - 1)/2 det(Id - Au + qu 2 ld) } (3.2) 

where A is the adjancency matrix of X. From the formula ()3.2|) . we see that Cxi^) has 
a finite number of poles in < \u\ < 1}. Note that the pole at u = q^ 1 is simple. 
For N(p) := q u ( p \ we have (p(s) = (x(q~ s )- According to (|3.2|) . we see that (p(s) 
satisfies the property (i) and (ii). 

Take G = Tx/Ty- It is known that the L-functions satisty the conditions (i'), (ii) 
and Z p G \s) = (Y{q~ s ) (see |STp . Due to ()3.2|) . we see that the singular points of (p{s) 
and Zp(s) are periodically distributed. Then we can easily prove the following results 
by using Theorem 12.11 and 12.21 

Claim 3.3. Assume that G is a cyclic group of odd prime order q. Then Cp,( s ) 
analytically continued to {Res > 0} has a natural boundary on Res = 0. □ 
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